The α-cluster structure of F isotopes has been studied based on antisymmetrized molecular dynamics. By using the constraint on the principal quantum number, various neutron configurations are investigated. It is found that a proton excitation into an sd shell does not necessarily induce α clustering in 21 F and 23 F. However, once one or two neutrons are excited into the pf shell together with a proton excitation, the core nuclei have α clustering. The calculation is extended toward the neutron drip line. The neutron-rich F isotopes also have α clustering in the excited states and their excitation energy greatly decreases toward the neutron drip line. The relation between the reduction of their excitation energies and the breaking of the neutron magic number N = 20 is suggested.
The α-cluster structure of F isotopes has been studied based on antisymmetrized molecular dynamics. By using the constraint on the principal quantum number, various neutron configurations are investigated. It is found that a proton excitation into an sd shell does not necessarily induce α clustering in 21 F and 23 F. However, once one or two neutrons are excited into the pf shell together with a proton excitation, the core nuclei have α clustering. The calculation is extended toward the neutron drip line. The neutron-rich F isotopes also have α clustering in the excited states and their excitation energy greatly decreases toward the neutron drip line. The relation between the reduction of their excitation energies and the breaking of the neutron magic number N = 20 is suggested. 
I. INTRODUCTION
Study of neutron-rich unstable nuclei has revealed their exotic structure and binding mechanism. For example, the properties of 31 Na [1, 2] have shown the breakdown of the magic number N = 20 in neutron-rich nuclei. Due to strong deformation of the system, the intruder configuration in which neutrons are excited across the N = 20 shell gap dominates the ground band [3] and is called the "island of inversion." Nowadays, systematic breaking of the magic number N = 20 in the neighboring nuclei of 31 Na has been theoretically studied [4] [5] [6] [7] [8] [9] [10] and many observations have been made [11] [12] [13] [14] .
In addition to the shell structure the cluster structure also plays an important role in neutron-rich nuclei. The best example is the molecule-like structure of neutronrich Be isotopes. Antisymmetrized molecular dynamics (AMD) [15] [16] [17] has shown that all of Be isotopes have the 2α core surrounded by valence neutrons. The motion of valence neutrons is well understood by the concept of molecular orbits [18] [19] [20] . By assuming the presence of a 2α-cluster core and covalent neutrons occupying so-called π and σ molecular orbits, their properties are also reasonably described [21, 22] . The pronounced 2α clustering of 11 Be and 12 Be that leads to the breaking of the magic number N = 8 is also discussed. These results suggest a novel binding mechanism and exotic clustering peculiar to N = Z nuclei.
Recently, the experimental and theoretical exploration of molecule-like structure with covalent neutrons has been rapidly developing. Molecule-like states with covalent neutrons in O, Ne, and Mg isotopes are suggested by von Oertzen [23] . Along with this suggested scenario, the experimental survey for those cluster states has been performed. It has been found that 18 O [24] and 21 Ne [25] have candidates of the molecule-like structure in their excited states. On the theoretical side, cluster-model calculations [26] [27] [28] and AMD calculations [29, 30] have been reproduced and predicted the various kinds of cluster states with covalent neutrons. Thus the cluster state with covalent neutrons in O and Ne isotopes is one of the fascinating topics in N = Z nuclei.
In this study, we discuss the molecule-like structure of F isotopes based on the AMD calculation. The α-cluster states in 19 F have been investigated theoretically and experimentally in detail in the 1970s. Cluster-model calculations [31, 32] have shown that once a proton is excited into the sd shell from the p shell, four nucleons in the sd shell have a strong α correlation and the α-cluster bands emerge. The lowest α + 15 N band, 19 F, α clustering of heavier F isotopes is rather obscure. To our knowledge, there are no cluster-model studies for 21 F and α-cluster states have not been identified experimentally yet. There is almost no theoretical or experimental information about heavier F isotopes. Our aim in this study is to investigate the α clustering and molecule-like structure in heavier F isotopes and extend it toward the neutron drip line.
It will be shown that in the excited states of 21 F and 23 F there are several molecule-like states with different configuration of valence neutrons. It is found that a proton excitation into the sd shell does not necessarily induce α clustering in 21 F and 23 F. However, once one or two neutrons are excited into the pf shell together with a proton excitation, the core nuclei have α clustering. The calculation is extended toward the neutron drip line. The neutron-rich F isotopes also have α clustering in the excited states and their excitation energy greatly decreases toward the neutron drip line. The relation between the reduction of their excitation energies and the breaking of the neutron magic number N = 20 is suggested. This paper is organized as follows. In the next section, we briefly explain the theoretical framework of the AMD + generator coordinate method (GCM). In Sec. III, we discuss the α-cluster states of 19 29 F are also discussed. The final section summarizes this work.
II. THEORETICAL FRAMEWORK
We perform a variational calculation after parity projection under constraints on deformation and the principal quantum number of a harmonic oscillator. After the variation, we project an eigenstate of total angular momentum. Finally, we superpose them and diagonalize the Hamiltonian. This calculational procedure is the same as that used in the previous work [29] .
A. Wave function and effective interaction
The intrinsic wave function of the system with mass A is given by a Slater determinant of single-particle wave packets,
where ϕ i is the ith single-particle wave packet consisting of the spatial φ i , spin χ i , and isospin ξ i parts. The local Gaussian located at Z i is employed as [33] The Gogny D1S force [34] is employed as an effective nuclear forceV n and the Coulomb forceV C is approximated by a sum of seven Gaussians.
B. Variation under constraints
In the present work, two kinds of constraints on the variational wave function are imposed simultaneously. The first is the constraint on the matter quadrupole deformation β as given in Ref. [35] .
Another is the constraint on the number of the deformed harmonic oscillator quanta, which is called the N constraint in the following. The number operator is defined for protons and neutrons aŝ
We impose some different constraints on the expectation values
For example, by adding the potential
to the energy of the system, N ξ is restricted to less than N 0 . Details of the applied N constraints are explained in the next section.
Variational parameters are optimized by the frictional cooling method so that the energy of the system plus constraint potentials is minimized and we obtain the optimized wave function ± int ({C}) under a certain combination of β-and N -constraint parameters {C}.
C. Analysis of the single-particle orbit
To investigate the motion of the valence neutrons, we calculate the single-particle orbit in the optimized wave function ± int ({C}). We transform the single-particle wave packet ϕ i to the orthonormalized basis,
Here, λ α and c iα are the eigenvalues and eigenvectors of the overlap matrix B ij = ϕ i |ϕ j . By using this basis, the Hartree-Fock single-particle Hamiltonian,
is calculated. The eigenvalues s and eigenvectors f αs of h αβ give the single-particle energies and the single-particle orbits,
D. Angular momentum projection and GCM
After the variational calculation, we project out an eigenstate of the total angular momentum J ,
HereP J MK is the total angular momentum projector. The integrals over three Euler angles are evaluated by the numerical integration.
Finally, the wave functions J ± MK ({C}) which have the same parity and angular momentum but have different K and constraint parameters {C} are superposed (GCM). Then the wave function of the system is written as
where the quantum numbers except for the total angular momentum and the parity are represented by n. The coefficients c n , c n , . . . are determined by the Hill-Wheeler equation.
III. RESULTS AND DISCUSSION
The α clustering in 19 F has been well established and is known, while those of neutron-rich isotopes are rather obscure. We first demonstrate how the α clustering of 19 F is described in the present framework. Then, we investigate the level structure of 21 
A. 19 F
Many cluster-model studies [31, 32] have shown that the K π = 1/2 − and 1/2 + 2 bands of 19 F have prominent α + 15 N cluster structure and constitute a parity doublet. When a proton is excited into the sd shell acrossthe Z = 8 magic number, four nucleons in the sd shell have a strong α correlation and an α + 15 N cluster structure develops. An important fact for the present study is that the α-cluster states of 19 F have a proton hole in the p shell.
Keeping this in mind, we look at the result obtained by AMD. Solid and dashed lines in Fig. 1 show the energy curves obtained without the N constraint. The positive-parity state has a minimum at β = 0.2 and the corresponding intrinsic density distribution is shown in Fig. 2(a) . This state generates the ground band after the GCM calculation. Its density distribution 
g.b. shows the absence of α clustering in the ground band. The projection to the negative-parity state brings about the structure change, because a proton excitation into the sd shell occurs. The negative-parity state has a strongly deformed minimum at β = 0. 044304-3 a proton excitation is essential to induce the α clustering of 19 F and it is controlled well by applying the N constraint.
We performed a GCM calculation by superposing all wave functions on the energy curves. Figure 3 shows the calculated and corresponding observed partial level scheme of 19 F [36-38] . We obtained the ground band and two excited rotational bands (K π = 1/2 − and 1/2 + 2 ). There also exists the K π = 1/2 − 2 band at 11 MeV (called the "higher-nodal band')' but is out of the energy range in Fig. 3 . Two excited rotational bands dominantly consist of the wave functions that have α + 15 N cluster structure, while the ground band is dominated by a (sd) 3 configuration. All of them show reasonable agreement with the experimental data in their energies, moments of inertia, and decoupling parameters, though the excitation energies of the α-cluster bands are overestimated by about 0.8 MeV.
B.
21 F
To our knowledge, the α-cluster structure of 21 F has not been studied and looks obscure. Experimental information is also rather poor, and there are only several states with definite spin and parity assignment. Encouraged by the successful description of 19 F, we investigate the α-cluster structure of 21 F by using the N constraint. shown in Fig. 5(a) . Here the density of the valence neutrons is defined as the most weakly bound two-neutron density, and the density of the core is defined as the density of all remaining nucleons. We can see that there is no α clustering of the core and the valence neutrons occupy the d 5/2 orbit. The analysis of the single-particle orbit shows that this state has the configuration illustrated in Fig. 6 Fig. 5(b) ] and the analysis of the single-particle orbit show that the valence neutrons occupy the same orbit with the positive-parity state and a proton is excited into the sd shell from the p shell [ Fig. 6(b) ]. It must be noted that a proton excitation into the sd shell does not necessarily induce α clustering different from that seen in 19 F. This is due to the two-neutron occupation of the [2, 2, 1, 3/2] orbit. Since the binding energy of this orbit decreases as prolate deformation becomes larger, it prevents the α clustering that brings about strong prolate deformation.
The situation changes dramatically when one or two valence neutrons are excited into the pf shell together with a proton excitation from the p to the sd shell. We have applied two different N constraints. Constraint I is applied to the positive-parity state and forces a proton excitation into the sd shell (N p > 9) and a neutron excitation into the pf shell (N n > 15; the lowest Pauli allowed value being 14). Constraint II is applied to the negative-parity state and forces a proton excitation (N p > 9) and two-neutron excitation into the pf shell (N n > 16). These constraints, respectively, generate the configurations illustrated in Figs larger deformation of the system. α clustering is the easiest way to make deformation larger, because it does not cost much energy, as we have seen in the 1/2 − 1 state of 19 F. Due to this cooperative effect of the valence neutron orbit [3, 3, 0, 1/2] and the α clustering of the core, the system has a strongly deformed molecule-like structure of the α + 15 N core with covalent neutrons.
This cooperative effect is confirmed by looking at the result of negative parity with the N constraint. Its energy curve (open circles in Fig. 4) has a minimum at β = 0.7 and the density distribution is shown in Fig. 5(d) . In this state, two valence neutrons occupy the [3, 3, 0, 1/2] orbit and a proton is excited into the sd shell. We can see the prominent α clustering of this state. Since the number of neutrons occupying the [3, 3, 0, 1/2] orbit is increased, this state has the largest deformation and the most prominent α clustering among all minima. It is noted that the valence neutron orbit [3, 3, 0, 1/2] and the α clustering induced by the neutron occupation of this orbit are quite similar to those discussed in 22 Ne [29] . Figure 7 shows the calculated and observed [39] The same calculation has been performed for 23 F, which has two more valence neutrons than 21 F. The energy curves obtained without the N constraint are shown in Fig. 8 with solid and dashed lines. Each of them has a minimum at small deformation and a shoulder at large deformation. These minima generate the positive-and negative-parity states below 8 MeV after the GCM calculation. The analysis of the single-particle orbit shows that these minima have the particle-hole configurations illustrated in Figs. 9(a) and 9(b) ). The positive-parity minimum has a proton in the sd shell and all valence neutrons occupy the sd shell. The negative-parity minimum has a proton hole in the p shell and the neutrons have almost the same configuration as in the positive-parity minimum. The corresponding intrinsic density distributions are shown in Figs. 10(a) and 10(b) . Again the density of the valence neutrons is defined as the most weakly bound two-neutron density, and the density of the core is defined as the density of all remaining nucleons. They show that (a) the ground state of 23 F is almost spherical and, more importantly, (b) the α clustering of the low-lying negative-parity states completely disappears. The absence of α clustering in the negative-parity states is understood in the same way as in the 21 F case. Since the number of valence neutrons is larger than 21 F and the d 5/2 neutron subshell is closed, the configuration illustrated in Fig. 9 (b) has a more spherical shape than 21 F and does not show α clustering.
The shoulders on the energy curves have completely different structures. The N constraint is applied again to see it. We have imposed the N constraint I (N p > 9 and N n > 19, with the lowest Pauli allowed value being 18) for the positive-parity state and II (N p > 9 and N n > 20) for the negative-parity state. In a simple shell-model picture, they, respectively, generate the configurations illustrated in Figs system, while the [3, 3, 0, 1/2] orbit and α clustering of the core increase it. The detailed balance between them determines the deformation of the α-cluster states. Figure 11 shows the level scheme of 23 F. Experimental information [43] is completely deficient. About 20 states are observed but only the ground state has a definite spin-parity assignment. We have obtained three rotational bands together with the states with (sd) 7 configuration. The ground state is the 5/2 configuration. The negative-parity states with a configuration illustrated in Fig. 9 (b) appear between 4 and 7 MeV. Their experimental counterpart is unclear, though there are about 10 states observed in this energy region. We note that the excitation energy of the lowest negative-parity state increases as a function of neutron number. In our calculation they are, respectively, 0.9, 2.6, and 4.1 MeV in 19 F, 21 F, and 23 F and observed at 0.1 and 1.1 MeV in 19 F and 21 F. The increase of the excitation energy is understood as follows. All these states have a proton excitation into the sd shell and neutrons have the lowest-energy configurations. In the case of the 19 F, since a proton excitation immediately leads to the strong α correlation, it does not cost much energy. By increasing the neutron number, α clustering is suppressed due to the valence neutron orbit and the excitation energy becomes larger. Since the α clustering of the core strongly depends on the valence neutron configuration, the excitation energy of the proton-hole state will be sensitive to the motion of valence neutrons and the α clustering of the core. This point is discussed in the next section. To illustrate the α clustering toward the neutron drip line, we have performed the same calculation for 25, 27, 29 F. Namely, by using the N constraint, we have calculated the proton-hole states without neutrons in the pf shell and with one or two neutrons in the pf shell. 31 F was unbound in the present model. This contradicts observation [45] and is not discussed here.
For each proton-hole configuration, we have obtained a corresponding excited rotational band as in the cases of 21 F and 23 F. Detailed discussion on individual isotopes will be made in our future work and we focus here on their bandhead states. Figure 12 shows the excitation energies of the bandhead states. In all calculated isotopes, the proton-hole configuration without neutrons in the pf shell generates the K π = 1/2 − band (red lines) and the proton-hole configurations with one or two neutrons in the pf shell, respectively, generate the K π = 3/2 + and 1/2 − bands (green and blue lines). Similar to 21 F and 23 F, the proton-hole states without neutrons in the pf shell do not have α-cluster structure. Since the number of valence neutrons in the sd shell is increased, deformation of the system is suppressed and α clustering is seriously diminished. Their excitation energies are gradually increased as a function of neutron number. The structure of these states is basically understood as the 0p 1/2 proton-hole states coupled to the ground state of Ne isotopes except for 29 F. Since 30 Ne is located in the island of inversion, two neutrons occupy the pf shell in the ground state, and the N = 20 closed-shell configuration appears as the excited states. Therefore, a proton-hole state of 29 F without a neutron in the pf shell corresponds to a proton-hole state coupled to the excited state of 30 Ne. Once one or two neutrons are excited into the pf shell together with a proton excitation into the sd shell, the system is strongly deformed and the α-cluster structure develops. Different from the α + 15 N cluster states of 19 F, these cluster states have an α-cluster structure surrounded by valence neutrons and manifest a strong coupling nature rather than a weakly bound two-body cluster structure. They show a dramatic reduction of their excitation energies toward the drip line. The reasons for this reduction are as follows.
(1) As the number of neutrons increases, the excitation energy needed to promote neutrons into the pf shell decreases. This is simply due to the increase of neutron Fermi energy. (2) In the case of 27, 29 F (N = 18 and 20), they are located around or inside of the island of inversion. In this mass region, the ground state is strongly deformed and neutrons occupy the pf shell due to the reduction of the N = 20 shell gap. We recall that the neutron intruder orbit in the island of inversion is nothing but the [3, 3, 0, 1/2] orbit [10] discussed up to now. Therefore, the energy required for neutron excitation is greatly reduced from that of lighter isotopes. Especially, a proton-hole configuration of 29 F with two neutrons in the pf shell is understood as a 0p 1/2 proton hole coupled to the ground state of 30 Ne, since two neutrons occupy the pf shell in the ground state of 30 Ne. The neutron excitation into the pf shell brings about strong deformation and α clustering to the system; then the strong deformation further reduces the neutron single-particle energy of the [3, 3, 0, 1/2] orbit. Thus the neutron excitation and α clustering of the core work in a cooperative way and reduce the energies of the 2hω and 3hω excited states [π (1hω) ⊗ ν(1 or 2hω)]. It is noted that in Ref. [46] a couple of low-lying states of 25 F and 27 F are observed. They reported that these states are not reproduced by an sd-pf shell model that does not include proton excitation and pointed out the possibility of the proton and neutron excitation in these states. Further detailed study for individual isotopes will be our next work and more experimental information is required to investigate the present scenario.
IV. SUMMARY
In summary, we have investigated the α-cluster structure of F isotopes based on antisymmetrized molecular dynamics. By using the N constraint, we have controlled proton and neutron configurations. The well-known α-cluster states of 19 F with a proton hole in the p shell are successfully described. In the case of 21 F and 23 F, a proton excitation does not immediately lead to α clustering of the core. When one or two valence neutrons occupy the pf shell ([3, 3, 0, 1/2] orbit) together with a proton excitation, the core has α clustering and strong deformation. These α-cluster states appear as the excited rotational bands around 7 to 10 MeV. The calculation is extended to 25, 27, 29 F. We only have discussed the excitation energies of the 1/2 − state with a proton hole, the 3/2 + state with a proton hole and a neutron in the pf shell, and the 1/2 − state with a proton hole with two neutrons in the pf shell. While the excitation energy of the state without neutron excitation increases toward the drip line, those with neutrons in the pf shell decrease drastically. This reduction may be related to the breakdown of the neutron magic number N = 20 near the drip line. Further theoretical investigation will be made in our next work and more experimental information is required to understand α clustering near the drip line.
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